Abstract. We find sharp lower bounds for the first nonnegative eigenvalue of the classical intrinsic Dirac operator of a compact hypersurface bounding a domain in a Riemannian spin manifold. These estimates are given in terms of scalar (spectral) conformal invariants of the enclosed domain which are involved in the solution of the Yamabe problem.
1. Introduction. In [Hijl] , the first author used the conformal behavior of the nonzero eigenvalues A of the Dirac operator to show that on a closed connected spin manifold A 2 is, up to a dimensional constant, at least equal to the first eigenvalue of the Yamabe operator.
Using techniques for pseudo-differential operators and Sobolev embeddings, J. Lott [Lo] proved the existence of conformal lower bounds for A 2 . In [Hij2] it is shown that the Yamabe number, i.e., the infimum over a conformal class of metrics of the normalized total scalar curvatures, gives such a lower bound.
In [HMZ1] , the present authors considered a domain fi with boundary E inside a compact (n + l)-dimensional spin manifold M and showed that if M has nonnegative scalar curvature, then the first nonnegative eigenvalue Ai of the intrinsic Dirac operator of E satisfies
where H is the mean curvature. The main new ingredient was to use the boundary condition of Atiyah-Patodi-Singer (APS) type for Dirac operators. If the ambient space has nonnegative Einstein tensor, (1.1) improves Friedrich's inequality for embedded hyper surf aces. As an application, a spinorial proof of the classical Alexandrov Theorem was obtained. The present paper is devoted to the conformal aspect of the results obtained in [HMZ1] . We improve (1.1) by showing that (1.2) Ai >-*!(£)
where vi (B) is the first eigenvalue of the conformal mean curvature operator B (see Theorem 9 for a precise statement). Here we don't need to assume that M has nonnegative scalar curvature. Furthermore, the limitting-case of (1.2) is characterized by the existence of a parallel spinor on the ambient manifold for a metric in the conformal class. We then use the Holder inequality to show that where Q(fi, E) is the boundary Yamabe conformal invariant (see Corollary 11). For Dirac operators, the APS boundary condition is not conformally invariant, while the classical local boundary conditions are indeed conformally invariant but do not exist in all dimensions and there are topological obstructions for their existence [BW, GLP, HMZ2, Se] . In this paper, we find a new local conformal boundary condition which exists in all dimensions (see Section 5). The key point to establish (1.2) is to solve a boundary problem for Dirac operators with such boundary condition.
We point out that if the scalar curvature of the domain is nonnegative, then vi(B) > infs H and for the Clifford torus embedded in E 3 , vi{B) > 0 while infs H < 0 (see Remark 4).
Finally, we would like to mention a series of relevant results by Escobar concerning the lower bound estimates for the first non-zero Steklov eigenvalue of the Laplacian operator [Es2, Es3, Es4] , and further estimates for the Steklov problem on minimizing metrics for the Sobolev trace quotient by Araujo [Ar] .
2. Preliminaries on spin manifolds. Let (M, ( , )) be an (n + l)-dimensional Riemannian spin manifold and denote by V the Levi-Civita connection on the tangent bundle TM. We fix a spin structure on M and denote by Spin(M) the corresponding principal bundle with structural group the spinor group Spin(n + 1). The spinor bundle SM = Spin(M) x 7n+1 § n+ 1 on M is the associated complex 2l."
5 "J dimensional complex vector bundle. This representation provides a left Clifford multiplication
which is a fibre preserving algebra morphism. Then SM becomes a bundle of complex left modules over the Clifford bundle C£(M) over the manifold M. When n -h 1 is even, the spinor bundle has the decomposition
where SM ± are the il-eigenspaces of the endomorphism 7 n -|_i(a; n+ i), with a; n+ i = 2L~2~Jei -62'" e>n+i the complex volume form. On the spinor bundle SM, one has (see [LM] ) a natural Hermitian metric, denoted as the Riemannian metric by ( , ), and the Spinorial Levi-Civita connection V acting on spinor fields. The Hermitian metric and V are compatible with the Clifford multiplication (2.1). That is (2.3) m^> = (Vx^M + <</>, Vx^) (2.4) (7(X)^7W^>-|^| 2 (^^> (2.5) Vx (TTO) = l^xY)^ + 700 VxV>, for any spinor fields ^,^6 r(SM) and any tangent vector fields X, Y E T(TM). Since Va; n +i = 0, so when n +1 is even, the decomposition (2.2) becomes orthogonal and V preserves this decomposition. The Dirac operator JD on SM is the first order elliptic differential operator locally given by
where {ei,... ,e n+ i} is a local orthonormal frame of TM. When n + 1 is even, the Dirac operator interchanges positive and negative spinor fields, that is,
3. Hypersurfaces and induced structures. In this section, we compare the restriction of the spinor bundle of a spin manifold M to an orientable hypersurface S C M and its Dirac-type operator to the intrinsic spinor bundle of E and its fundamental Dirac operator. These facts are well-known (see for example [Bu, Tr, Bal, BFGK] ). For completeness, we introduce the key facts.
We have an induced Riemannian metric on E and let V be its Levi-Civita connection. The Gauss formula says that
where X,Y are vector fields tangent to the hypersurface E, the vector field N is a global unit field normal to E and A stands for the shape operator corresponding to TV, that is,
vxer(rE).
Recall that the spin structure of M induces on E in the following way By the map (ei,..., e n ) i-> (ei,..., e n , iV) it is possible to identify the principal SO(n)-bundle of oriented orthonormal frames on the hypersurface E with a subbundle of the restriction to E of the bundle of oriented orthonormal frames on M. Pulling back the bundle Spin(M)|2 via this map, one obtains a spin structure Spin(E) on E. In fact the group Spin(n) C 0° acts on the restricted bundle Spin ( given by 7s = 7 o a. That is, (3.4) 7£(X)^ = 7(X)7(W for every ^ E r(SE) and X 6 r(TE). Consider on SE the Hermitian metric ( , ) induced from that of SM. This metric immediately satisfies the compatibility condition (2.4) if one puts on E the Riemannian metric induced from M and the Clifford multiplication 7s defined in (3.4). Now the Gauss formula (3.1) implies that the spin connection V on SE is given by the following spinorial Gauss formula
for every ip € r(SE) and X E r(TE). Note that the compability conditions (2.3), (2.4) and (2.5) are satisfied for (SE,7s, (, ), V). Denote by D : r(SS) -> r(SE) the Dirac operator associated with the Dirac bundle SE over the hypersurface. It is a well known fact that D is a first order elliptic differential operator which is formally I/ 2 -selfadjoint. By (3.5), for any spinor field ip e r(SE), we have n n (3.6) D^ = ^7E(e,)V e ,^ = ^-7(tf)£7(e;)V ei^
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where {ei,..., e n } is a local orthonormal frame of TE and H = ^trace A is the mean curvature of E corresponding to the orientation N. From (3.6), if ip G r(SM) is a spinor field on the ambient manifold M, it follows
(note that a spinor field on the ambient manifold M and its restriction to the hypersurface E are denoted by the same symbol).
LEMMA 1. For any spinor field tp e r(SS) and any tangent vector field X € r(TE) ; the following relations hold
The proof is straightforward using (3.5) and (3.2). As we have mentioned, the aim in this section is to relate the induced Dirac bundle SE over the hypersurface and its Dirac operator D to the intrinsic spinor bundle §E = Spin(E) x 7n S n over E and its Dirac operator D. For this purpose, we gather in the following proposition, well-known results that we will need later. . This yields to a bundle isometry between the associated spinor bundles SM and §*M. For this reason, the two spinor bundles will be denoted by the same symbol SM. On the other hand, for the corresponding Clifford multiplications and spin connections, one has:
Now the conformal change of the metric on M produces another conformal change of the induced metric on the hypersurface E corresponding to the same conformal factor h 2 . We then obtain the following identities relating the Clifford multiplications and the covariant derivatives of SE corresponding to the two conformal metrics on the hypersurface:
where N* = (l/h)N is a unit vector field normal to E with respect to ( , )*. If we use the symbols D and D* to denote the Dirac operators on SE relative to the two conformal metrics on E, we can easily show from (4.2), that for any spinor field if) e r(SE), the following identity:
This property is analogous to the conformal covariance of the classical Dirac operator of a spinor bundle discovered by Hit chin (see [Hit] ). Now it is easy to check [Esl] that
where for n > 2, the conformal factor h has been taken as where V and A are respectively the gradient and Laplace operators of the original metric on Q and iV is the inward unit normal field along E corresponding to the original metric. From this definition, (4.3) and (4.5) it follows which with inequality (4.7) written w.r.t the metric ( , )*, after using (4.4), (4.6) and the facts we deduce the following conformally spinorial Reilly type inequality Note that, from Proposition 2, when n is even, these are nothing but the projections on the ±-chirality subbundles SE^. It is immediate to see that P + and P_ are self adjoint and orthogonal to each other on every SEp, with p G E. Moreover, as a consequence of (4.2), P± are conformally invariant. We now show that these operators provide good boundary conditions to solve equations for the Dirac operator D of M. Then, if the point p is taken to be on the boundary 9ft = E, we have
Fix the point p G £ and the vector u G T^E and replace the parameter s by the partial derivative -id/dt. We have to look for solutions
of the corresponding first order equation
7(u)-n(A0^W)=0,
with asymptotic behaviour lim w(t) = 0.
One can easily see that those solutions are of the form w(t) = e^( iV)7(tx) 77, 77 G SE P where K;(0) =77 has to be an eigenvector of ry(iV)7(tfc) corresponding to a negative eigenvalue, that is,
27(^)7(^)77 = -\u\rj.
The ellipticity condition of Lopatinsky-Shapiro requires that the symbol <ru(P±) = P± : SE P -> SE P of the considered boundary operator to be an isomorphism from the subspace of initial conditions of those solutions, i.e.,
{77 G SEp : ii(N)i(u)r) = -\u\rj) C SEp
onto the subspace range(P±), for each p G E and each nontrivial u G TpE. Since these two subspaces have the same dimension,
it is sufficient to prove that this linear map is injective. But, if 77 G SEp is one of these initial conditions and P±r) = 0, we have that 7(^)77 = ^l^. [ (ip, i<y(N) 
Jx
Then one gets a weak harmonic spinor by extending ip by zero to a compact manifold containing ft and so, regularity for the Dirac operator on compact manifolds and the unique continuation property (cf. Theorem 8.2 in [BW] ) say that ip vanishes on all of ft. Then Recall that inequality (4.9) is valid for spinor fields xp and ip* on ft such that ip = fip* (see 4.8) for any positive function on ft. Putting the smooth solution of the boundary value problem (6.1) in inequality (4.9), yields to the following key inequality
The main result of this paper will rely on inequality (6.2). For this, we need some elementary lemmas.
LEMMA 6. For every smooth field ip G r(SE) we have
Proof. We have the orthogonal decomposition ip -P + ip + P-ip. Moreover, from definition (5.1) and Lemma 1, one immediately shows that We now observe that, since Ai > 0, one has (6.6) 2Ai5ft(P_<p, P-^> < Ai (|P-</f + |^-^| 2 )
and equality occurs if and only if either Ai = 0 or P_</? = P-ifj. By integrating (6.6) and using Lemma 7, it follows that
which together with the boundary condition (6.5), implies
Finally, the combination of inequalities (6.7) and (6.2) yield to (6.4). The last statement is straightforward. □ Now a suitable choice of the function / will lead to one of the main results of this paper, which could be thought of as an analogue for embedded hypersurfaces of the so called Hijazi inequality [Hijl] [Esl] ), although reasonable geometric assumptions on fi (for example, nonnegative scalar curvature), immediately imply its finiteness. Obviously, if vi(B) = -oo, the theorem is true. Hence we will suppose that vi(B) is a finite real number. In this case, Escobar proved that the sign of vi is invariant under conformal change of the metric on fi and an associated eigenfunction / has to be positive (Proposition 1.3 in [Esl] ). Moreover, Escobar proved that vi is positive (resp. zero or negative) if and only if there exists a conformally related metric on 0 with zero scalar curvature and such that the boundary E has positive (resp. identically zero or negative) mean curvature, or equivalently, there is a conformal metric on H with positive (resp. identically zero or negative) scalar curvature and minimal boundary. In many cases, the mean curvature turns out to be constant. Now we choose the function / in (6.4) to be a positive eigenfunction associated with vi(B). Hence, (\i-\vi{B))jty\ 2 dZ>Q, which is precisely the desired inequality (note that ^ cannot vanish identically on E since P+ij) is an eigenspinor field). It only remains to examine the equality case. If Ai = (n/2) vi(B), then equality occurs in (6.4) and so the nontrivial spinor field -0* is parallel w.r.t ( , )* and either Ai = vi(B) = 0 or ^is = ( P-But, if the first possibility holds, by (6.3) we conclude that 'DP±(p = 0. Then, if we repeat the same argument for P±(p instead of ip (when we have the -sign, we must address the corresponding boundary problem with boundary condition P*), we also obtain ^^ = </?.
Conversely, let ip* be a nontrivial parallel spinor with respect to the metric ( , )*. Applying (3.7) to this conformal metric, we get . Equality occurs if and only if the conformal factor / is constant, R = 0, and H is constant. As a consequence, we get Theorem 6 in [HMZ1] . On the other hand, there are examples where only (6.8) is significant. In fact, if S is a 2-dimensional torus embedded in R , the Gauss-Bonnet theorem implies that infs R < 0. But, in the case of a torus of revolution in R , obtained by rotating a circle of radius r whose center is at distance a > r of the axis of rotation, we have that H > 0 if (and only if) a > 2r. These tori of revolution provide examples for which Theorem 6 in [HMZ1] gives no information, while inequality (6.8) is still significant. If a = \/2r the corresponding torus of revolution is the stereographic projection of a minimal torus in the threesphere (the Clifford torus). Hence, for the Clifford torus ^i(B) > 0 while infs H < 0.
It was also Escobar (see, for example [Esl] and references therein) who introduced the following Sobolev quotient, called the boundary Yamabe conformal invariant t /n(^TlV/| 2 + ^/ 2 ) dn + J^HpdS Q(n, S) = inf ^ i-^ .
He proved that Q(ft,E) has the same sign as ui(B) and it is invariant with respect to conformal changes of the metric on fi. The Holder inequality applied to an eigenfunction / associated with z/i gives " l(B) > «24 REMARK 5. For compact (immersed) surfaces in the Euclidean space, it is known (see [An, Bm, Ba2] and [AF] for generalizations) that
Then, for embedded surfaces in M , one has g 2 (ft, E) < Xj area(E) < f H 2 dS, where fi is the enclosed domain. That is, the scale free quantity X 2 area(E) is between two extrinsic conformal invariants: the Yamabe number and the Willmore functional.
